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Efficient, Accurate Reanalysis for Structural Optimization

Uri Kirsch*
Technion—lIsrael Institute of Technology, 32000 Haifa, Israel

The combined approximations method, developed recently, is an efficient reanalysis method providing high-
quality results. Through the use of this approach, the computed terms of a series expansion are used as basis vectors
in a reduced basis expression. By solving a reduced system of equations, first- and second-order approximations
were demonstrated in previous studies for small structures. The efficiency and the accuracy of the method are
improved, and results are illustrated for larger structures. By the utilization of a Gram-Schmidt orthogonalization
procedure, a new set of basis vectors is generated and normalized such that the reduced system of equationsbecomes
uncoupled. The advantage in using the latter vectors is that all expressions for evaluating the displacements are
explicit functions of the design variables. Consequently, additional vectors can be considered without modifying
the calculations that have already been carried out. In addition, the uncoupled system is more well conditioned.
Some considerations related to the efficiency of the solution process and the accuracy of the results are discussed,
and the effect of various parameters on the accuracy is studied. Numerical results are demonstrated for several
medium- and large-scale structures. It is shown that accurate and efficient approximations are achieved for very

large changes in the design.

Introduction

N structural optimization problems the behavior constraints are

evaluated for successive modifications in the design. For each
trial design the implicit analysis equations must be solved, and
the multiple repeated analyses usually involve extensive computa-
tional effort. This difficulty motivated extensive studies on explicit
approximations of the structural behavior in terms of the design
variables.! "3 The various methods may be divided as follows.

First are global multipoint approximations, such as polynomial
fitting, response surface, or reduced basis methods.*~® The approx-
imations are obtained by analyzing the structure at a number of
design points, and they are valid for the whole design space (or,
at least, large regions of it). However, global approximations may
require much computational effort; therefore, they are not suitable
for problems with a large number of design variables.

Second are local single-point approximations, such as the first-
order Taylorseries expansionor the binomial series expansionabout
a given design. Local approximationsare based on information cal-
culated at a single design point. These methods are most efficient,
but they are effective only in cases of small changes in the design
variables. For large changes in the design, the accuracy of the ap-
proximationsoften deteriorates,and they may become meaningless.
That is, the approximations are valid only in the vicinity of a point
in the design space. To improve the quality of the results, second-
order approximationscan be used. Another possibility is to assume
the reciprocal cross-sectional areas as design variables’-® A hybrid
form of the direct and reciprocal approximations, which is more
conservative than either’ and has the advantage of being convex,'°
can be introduced. More accurate convex approximations can be
achieved by the method of moving asymptotes.!! One problem in
using intermediate variables, such as the reciprocal variables, is that
it might be difficult to select appropriate variables in cases of gen-
eral optimization where geometrical, topological, or shape design
variables are considered.

In general, the quality of the results and the efficiency of the
calculations are conflicting factors. That is, better approximations
are often achieved at the expense of more computational effort.
In this paper the combined approximations (CA) method, which
attempts to give global qualities to local approximations, will be
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considered. One approach to introduce combined approximations
is to scale the initial design and the low-order terms such that the
results are improved. It has been shown'? that scaling proceduresare
useful for various types of design variables and behavior functions.
In particular, simplified approximations can be achieved for homo-
geneous functions.®* The concept of scaling has been extended to
include high-order terms of the CA method,'* '3 thereby allowing
improved results. The effectiveness of the CA method in problems
of cross-sectionoptimizationas well as geometrical and topological
optimization, has been demonstrated elsewhere.'*"1° By the use of
this approach, the computed terms of a series expansion are used
as basis vectors in a reduced basis expression to obtain an effective
solution procedure. It has been shown previously that the unknown
coefficients can readily be determined by solving a reduced set of
the analysis equations. The method is based on results of a single
exact analysis, and it is suitable for different types of structure and
design variables. Calculation of derivativesis not required, and the
procedurecanreadily be used with a general finite element program.

Initially, the CA method has been used only for linear analysis
models. Recently,ithas been found that the method also mightprove
useful for more complex structural response. Specifically, signifi-
cant reductions in the computational effort involved in solution of
nonlinearanalysisproblemswere reported 2° Inaddition,the method
has been used successfully in the solution of eigenvalue problems
in damage analysis of frames.?! In both studies accurate results
and significant savings in the computational effort were reported.
A detailed discussion on applications of the CA method in a large
variety of problems, including nonlinear and dynamic analysis, is
given elsewhere.!”

In this paper, the efficiency and the accuracy of the CA method are
improved. By utilizing a Gram-Schmidt orthogonalization proce-
dure,anew setof basis vectorsis generatedand normalized such that
the reduced system becomes uncoupled. For any assumed number of
basis vectors, the results obtained by consideringeither the original
set of basis vectors and the reduced set of equations or the new set
of uncoupled basis vectors are identical. The advantage in using the
latter vectors is that all expressionsfor evaluating the displacements
are explicit functions of the design variables. Consequently, addi-
tional vectors can be considered without modifying the calculations
that already were carried out. In addition, the uncoupled system is
more well conditioned.

Some considerationsrelated to the efficiency of the solution pro-
cess and the accuracy of the results are discussed. The effect of the
number of terms in the series, the magnitude of changes in the de-
sign, and the direction of move in the design space on the accuracy
are studied. Numerical resultsare demonstratedfor severalmedium-
and large-scale structures.
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Efficient, Accurate Approximations

In this section the CA method is developed further to obtain effi-
cient, accurate approximations. The reanalysis problem under con-
siderationis first formulated. The terms of the series that are used as
basis vectors are then developed, and the reduced basis expressions
are introduced. Finally, it is shown how a Gram-Schmidt orthog-
onalization procedure is utilized to generate the new set of basis
vectors such that the reduced system becomes uncoupled.

Formulation of Reanalysis
The problem considered in this study may be stated as follows:
1) Given an initial design and the corresponding stiffness matrix
K*, the displacementsr* are computed by the equilibriumequations

K'r =R 1)

The load vector R is usually assumed to be independentof the design
variables. In addition, the stiftness matrix K* is often given from the
initial analysis in the decomposed form

where U* is an upper triangular matrix.
2) Assume a change in the design so that the modified stiffness
matrix is

K=K+ AK A3)

where AK is the change in the stiffness matrix due to the change in
the design.

3) The object is to find efficient and accurate approximations of
the modified displacements r due to various changes in the design,
without solving the modified analysis equations

Kr = (K*+ AK)r =R )

Once the displacements are evaluated, the stresses can readily be
determined by the explicit stress-displacementrelations. Thus, the
presented approximations of r are intended only to replace the set
of implicit analysis equations (4).

Series Approximations

Although Taylor series is the most commonly used approxima-
tion in structural optimization, the binomial series is considered in
this study. The advantage of using the latter series is that, high-
order terms can readily be calculated. In addition, unlike the Taylor
series, calculation of derivatives is not required. This makes the
method more attractive in general applications, where derivatives
are not easy to calculate. It has been shown® that for homogeneous
displacementfunctions the Taylor series and the binomial series are
equivalent.

The binomial series approximationscan be obtained by rearrang-
ing Eq. (4) to read

K'r =R — AKr Q)

By writing this equation as the recurrence relation

K7D =R — AKr® (6)
where r* 1 is the value of r after the kth cycle, and by assuming
the initial value r'’ =r*, the following series approximations are
obtained:

r=r—Br+B¥ — .. +B'r )

In this equation, s is the number of terms in the series, and matrix
B is defined by

B=K"'AK (8)

Denoting

*

r,=r", r, = —Br*, =B, ... r,=—B"'r

(€))

and substituting Egs. (9) into Eq. (7) yields
r=ri+r+ry+---+r (10)

In general, local series approximations are not suitable for large
changesin the designbecause the quality of the resultsis insufficient.
Problems of slow convergence and even divergence of the series
might be encountered, as will be shown later.

Reduced Basis Approximations

The reduced basis method®™> usually involves analysis of the
structure at a number of design points; therefore, it may be classified
as a global approximation. A basic questionin using the method lies
inthe choice of an appropriateset of the linearly independentvectors
that span the design variables space. Displacement vectors of pre-
viously analyzed designs can be used, but it should be emphasized
that an intuitive choice may not lead to satisfactory approximations.
In addition, calculation of the basis vectors requires several exact
analyses of the structure for the basis design points, which involve
extensive computational effort.

In the CA approach!#~!? itis assumed that the displacementvector
of a new design can be approximatedby a linear combination of the
s linearly independentbasis vectors of Eq. (9) (where s is assumed
to be much smaller than the number of degrees of freedom m). The
advantage is that the efficiency of local series approximations and
the improved quality of global reduced basis approximations are
combined to achieve an effective solution procedure. By the use of
this approach, the displacements are approximated as

r=yiri+ s+ Yl =rpy (1D
where
Y1
rp =ry,...,rs, y= (12)
Vs

and y is a vector of coefficients to be determined. Substituting
Eq. (11) into the modified analysisequations(4) and premultiplying
by r% yields

riKrgy =riR (13)

Introducing the notation

Ky =rlKry, Ry =r'R (14)
and substituting into Eq. (13) gives
Kry =Ry 15)

For cases where s is much smaller than the number of degrees of
freedom m, the approximate displacement vector can be evaluated
by solving the smaller (s x s) system in Eq. (15) for y instead of
computing the exact solution by solving the large (m x m) system
in Eq. (4). The final displacements are then computed for the given
y by Eq. (11).

Uncoupled Basis Vectors

Leu and Huang® proposedrecently to use the CA method for non-
linear analysis of structures. By the utilization of a Gram-Schmidt
orthogonalizationprocedure to generate a new set of basis vectors,
the reduced system of analysis equations becomes uncoupled; thus,
possibleill conditioningis avoided in nonlinear analysis.

In this paper, a Gram-Schmidt orthogonalization procedure will
beused to obtainexplicit,accurate approximationsfor the reanalysis
problemunder consideration.From Eq. (14), it can be observed that
the elements Kg;; of the reduced stiffness matrix K are given by

KR,'J’ =rl.TKrj (16)

The object now is to transform the reduced system of Egs. (15) into
uncoupled set of equations. This can be done by generating a set
of new basis vectors V; (i =1, ..., s), substituting the original ones
r;, such that for any two vectors V; and V;

VIKV,; =5, (17
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where §;; is the Kronecker delta. The new basis vectors, which are
linear combinationsof the original vectors, are generated as follows.
We start by choosing the first normalized vector V

vV, = |r{Kr1|’%rl (18)

To generate the second normalized vector V,, we first define the
nonnormalized vector V,, which is a linear combination of V| and
ry, by

Vo =r, —aV, (19)

where « is chosen such that the orthogonality condition f/ZT KV, =0
[Eq. (17)] is satisfied. Substituting Eq. (19) into the latter condition
yields

VIKV, =rlKV, —aVIKV, =0 (20)

Because VI KV, =1 [Eq. (18)], Eq. (20) becomes & =r] KV. Sub-
stitution into Eq. (19) gives

Vo =r,— (riKV))V, 21
Finally, normalizing V, yields
_ [
V, = |VIKV,| ?V, (22)

Additional new basis vectors are generated in a similar way. The
resulting general expressionsfori =2, ..., s are

i—1

Vi=r — Z(riTKV.f)Vjﬁ

j=1

V, = |171.TK171-|’%‘7I- (23)

where V; and V; are the ith nonnormalizedand normalized vectors,
respectively.

It will be shown now how the new basis vectors V; are used to
evaluate the displacements. Assuming the latter vectors, it can be
observed from Eq. (17) that the new reduced matrix is a unit matrix
1. By defining the matrix V3 and the vector of new coefficients z by

21
V=Vi,..., Vs, z= 24
s
then the reduced system of Eq. (15) becomes
Iz=z=VIR (25)

As expected, this system is uncoupled, and the coefficients z can be
determined directly. Thus, the final displacements are given by the
explicit expression

r=Vyz=Vy(V,R) (26)

In summary, the proposed solution procedure consists of the fol-
lowing steps:

1) The modified stiffness matrix K is introduced.

2) The basis vectors r; are calculated by Eq. (9).

3) The new set of basis vectors V;(i = 1, ..., s) is generated by
Eqgs. (18) and (23).

4) The final displacements are evaluated by Eq. (26).

Note that, for any assumed number of basis vectors, the results
obtained by considering either the original set of basis vectors and
the reduced set of equations, or the new set of uncoupled basis
vectors, are identical. The advantage in using the latter vectors is
that all expressions for evaluating the displacements are explicit
functions of the design variables. Consequently, additional vectors
can be considered without modifying the calculations that already
were carried out. In addition, the uncoupled system is more well
conditioned.

Computational Considerations
Computational Effort

The computationaleffortinvolved in the CA is somewhat greater
compared with conventional series approximations, such as the
Taylor series or the binomial series. The series approximations in-
volve only calculation of the original basis vectors. The CA require,
in addition, calculation of the modified stiffness matrix K, genera-
tion of the new basis vectors V;, and some extra algebraic opera-
tions. These operationsincrease slightly the computationalcost, but
the resulting expressions are still explicit. In addition, accurate ap-
proximationscan be achieved in cases where series approximations
provide poor or meaninglessresults.

It has been shown® that calculation of the basis vectors involves
only forward and backward substitutions if K* is given in the de-
composed form of Eq. (2). The calculation of r,, for example, is
carried out by means of this equation [see Eq. (9)]:

K'r, = —AKr* 27
We first solve for ¢ by the forward substitution
UTt = —AKr (28)
Then, r, is calculated by the backward substitution
Ur,=t 29
Similarly, the ith basis vector r; is calculated from
K'r, = —AKr;_,, i=2,...,s (30)

In summary, calculationof each term of the binomial series involves
only forward and backward substitutions if K* is given in the de-
composed form of Eq. (2).

As noted earlier, the new basis vectors are explicit functions of
the original basis vectors [Eqs. (18) and (23)]. Therefore, once the
original vectors are determined, calculation of the new vectors and
the final displacements [Eq. (26)] is straightforward.

The efficiency of reanalysis by the CA method, compared with
complete analysis of the modified design, can be measured by vari-
ous criteria, for example the CPU effort or the number of algebraic
operations. It is then possible to relate the computational effort to
various parameters such as the number of degrees of freedom, the
number of basis vectors considered, and the accuracy of the results.
In a recent study it has been found? that, using the CA method for
a complete accurate nonlinear analysis of a space frame with about
300 degrees of freedom, the resulting CPU effort has been reduced
by more than 60%. Certainly, to quantify precisely the computa-
tional savings, further programmingefforts and comparative studies
are needed.

Convergence of the Series

Problems of slow convergence or divergence may be encoun-
tered in applying the series approximations of Eq. (7). The series
converges if and only if

lim B* =0 3D

k— o0

A sufficient criterion for the convergence of the series is that
Bl <1 (32
where ||B|| is the norm of B. It can be shown that
p(B) < |IB] (33)

in which p(B) is the spectral radius of matrix B, defined as the
largest eigenvalue. From Eqs. (32) and (33), a sufficient condition
for convergenceis

pB) =1 (34)

The number of basis vectorsconsideredin evaluatingthe displace-
ments has a significant influence on the accuracy and the efficiency
of the calculations. In the CA method, the series terms are gradually
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decreased; thus consideration of more basis vectors will improve
the accuracy of the results.

Three typical cases related to convergence of the series approxi-
mations (SA) of Eq. (7) will be demonstrated later in this paper:

1) Fast convergence of the SA happens only in cases where the
change in the design is relatively small and higher-order terms
rapidly approach zero. High accuracy can be achieved by both the
SA [Eg. (7)] and the CA method with only a small number of terms.

2) In the slow convergenceof the SA case, the elements of matrix
B and the original basis vectors are reduced gradually. To achieve
sufficient accuracy by the SA, a large number of terms might be
necessary. Using the CA method, on the otherhand, a small number
of terms might be sufficient.

3) In the divergence of the SA case, the elements of matrix B and
the original basis vectors are increased gradually. The SA provide
meaningless results and cannot be used, whereas accurate results
are achieved by the CA method.

Errors Evaluation

To evaluate the quality of the results for any assumed number
of basis vectors, we can substitute the approximate displacements
[Eq. (26)] into the modified analysis equations (4). The errors in the
equilibrium equations, given by

E=Kr—R (35

indicate the discrepancyin satisfying the modified equilibriumcon-
ditions due to the approximate displacements. Thus, E can be used
to evaluate the quality of the approximations. A possible criterion
for acceptable approximations is

E- <E <EV (36)

where EX and EY are the predetermined acceptable bounds on E.
Note that the amount of extra calculationsinvolvedin evaluating the
errors E is minor becauseboth K and the approximate displacements
are already known.

Alternatively, by assuming that the solution converges and the
denoting of the approximate displacements obtained with k basis
vectors as r®), then it is possible to use the following criterion for
the adequacy of the results:

ert < p® — k=D < U (37)

in which ert and er? are the predetermined small values. In cases
where the accuracy, as defined by the preceding criteria, is not suf-
ficient, it is possible to improve the results by assuming more basis
vectors.

Parameters Affecting the Results

The effect of some parameters on the accuracy of the approxima-
tions is demonstrated subsequently. In structural optimization the
modified design variables X are often defined in terms of the initial
design X*, a given direction vector in the design space AX*, and a
step size variable a by

X = X* +aAX* (38)

The angle 6 between the vector of the modified design and the vector
of initial design (Fig. 1) is determined by

0 X x 39
cosf =
|XT1X*|
Fig.1 Planeofvectors X and X *. a X*
X* X
0

360

Fig.2 Truss with 10 bars.

in which | X| denotes absolute value of X. The effect of the following
parameters on the accuracy of the approximations will be demon-
strated subsequently by numerical examples: the number of terms
in the series (s), the magnitude of changes in the design (the step
size a), and the nature of changes (the direction vector AX* or the
angle 0). It will be shown that a small number of terms is sufficient
to achieve accurate approximations. As to the effect of a on the
accuracy, it is clear that for smaller a values the approximationsare
more accurate. In regard to the effect of the direction of movement
in the design space, previous experience has shown that accurate re-
sults are achieved by the CA method with only 2 or 3 terms, for very
large changes in the design, in cases where the angle 6 is relatively
small.

Numerical Examples
General Observations

In all examples the design variables are the members’ cross-
sectional areas, and the initial cross sections equal unity. The ob-
jective of the examples presented in this section is to illustrate the
effect of various parameters on the accuracy of the results achieved
by the CA method.

Consider the 10-bar truss shown in Fig. 2 and subjected to a
single loading condition of two concentrated loads. The modulus of
elasticity is £ =30,000, and the eight analysis unknowns are the
horizontal and the vertical displacementsat joints 1-4, respectively.
The stress constraints are —25.0 < o <25.0, and the minimum size
constraints are 0.001 < X. By assuming the weight as an objective
function, the resulting optimal design is

XUTpl = {8.0,0.001, 8.0,4.0,0.001, 0.001, 5.66, 5.66, 5.66,0.001}

Assume the line from the initial design to the optimal design, given
by Eq. (38), where AX* is defined as

AX*T ={7.0,-0.999, 7.0, 3.0, —0.999,
—0.999, 4.66, 4.66, 4.66, —0.999}

For a =1.0 (the optimum) the changes are very large: members
1 and 3 are increased by 700%, member 4 is increased by 300%,
members 7-9 are increased by 466%, and, at the same time the
topology is practically changed by eliminating members 2, 5, 6, and
10 and joint 2 (displacements 3 and 4).

To illustrate the effect of a, three typical cases have been consid-
ered: 1) small change in the variables,a =0.01; 2) medium change
in the design variables, a = 0.1; and 3) large change in the design
variables, a = 1.0 (the optimum). Results obtained by the SA of
Eq. (7) and the CA method for various numbers of terms (basis vec-
tors) are summarized in Table 1 and demonstrated in Figs. 3-6. It
may be observed that the three a values considered correspond to
the three cases of convergence of the SA discussed earlier, that is,
fastconvergence(fora =0.01), slow convergence(fora = 0.1), and
divergence of the series (for a = 1).

Toillustratethe effectof the direction of move in the designspace,
assume the three cases of change in the design variables shown in
Table 2, with different 6 values [see Eq. (39) and Fig. 1]. The results
obtained by two-term approximations are summarized in Table 3.
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Table 1 Displacements obtained by the SA and the CA methods

SA [Eq. (7)] CA
Step size 28 3 4 5 2 3 4 5 Exact
a=0.01 2.18 2.19 2.19 2.19
(small) 5.26 5.28 5.28 5.28
2.65 2.66 2.66 2.66
11.95 11.99 11.99 11.99
—3.00 -3.01 -3.01 -3.01
12.42 12.46 12.46 12.46
—2.29 —2.30 —2.30 —2.30
5.68 5.69 5.69 5.69
a=0.1 0.69 1.85 1.04 1.61 1.36 1.37 1.37
(medium) 2.38 4.28 3.12 3.85 3.59 3.56 3.56
1.07 2.26 1.44 2.01 1.76 1.77 1.77
5.59 9.96 7.12 9.01 8.23 8.25 8.25
—1.40 —2.58 —1.76 —2.33 —2.06 —2.10 -2.10
5.97 10.36 7.52 9.42 8.62 8.65 8.65
—0.75 —1.94 —1.11 —1.69 —1.44 —1.45 —1.45
2.69 4.61 3.44 4.18 3.92 3.89 3.89
a=1.0 Divergence of the SA [Eq. (7)] 0.28 0.29 0.29 0.30 0.30
(large) 0.90 0.84 0.88 0.90 0.90
041 0.45 0.47 0.49 0.49
2.10 2.17 2.19 2.21 221
—0.53 —0.61 —0.62 —0.60 —0.60
224 2.34 2.37 2.40 2.40
—0.30 —0.31 —0.31 —0.30 —0.30
1.01 0.95 0.93 0.90 0.90
2Number of terms.
15 -
]
£
-
g 10 6 g
g =
g s , 2
e 8 =]
Y ¢ : ¢ i
r
-5 5
1 2 3 4 5 1 2 3

Number of terms
Fig.3a SAata=0.1.

Displacement

Number of terms

Fig.3b CA ata=0.1.

The following general observations, supported by the numerical
results, have been made:

1) The effect of specific parameters on various displacements is
similar. Tables 1 and 3 illustrate the effect of the method of solu-
tion (the SA and the CA), the number of terms considered (s), the
magnitude of change (the step size a), and the direction of move
in the design space (the angle 6). Because results for the various
displacements indicate similar effects, in Figs. 5 and 6 only results
for the vertical displacementat joint 3 (r¢ ) are demonstrated.

2) The CA method provides much better results than the SA.
Furthermore, accurate results are obtained even in cases where the
series diverges. This result has been demonstrated for various cases
of s, a, and 6 values.

3) Whenmore terms in the CA method are considered, the solution
becomes more accurate. In the examples shown, a small number of

Number of terms
Fig.4a SAata=1.0.

15
E
g 10
§
= 5
Z 6
S0 g
s
-5
1 2 3 4 5
Number of terms

Fig.4b CA ata=1.0.

terms is sufficient to achieve an accurate solution. This observation
does not hold for the SA in cases where the series diverges.

4) For a given direction AX™, more terms are required to achieve
a certain accuracy the larger the step size is. Again, this observa-
tion does not hold for the SA, in cases where the series diverges.
Table 1 and Figs. 3-6 show fast convergence for the CA method
in all cases. For the SA, slow convergenceis obtained for a =0.1,
and divergence occurs for a = 1.0. In this example p(B) = 7a, that
is, the sufficient condition for convergence [Eq. (34)] is satisfied
only for relatively small changes in the design (corresponding to
a< %).

5) Better accuracy is achieved for directions corresponding to
small 6 values. The results in Table 3 for two-term approximations
show that in case A, where a uniform large change of AX =9 is
assumed for all cross sections, the series approximations provide
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Fig

Table 2 Data: various direction vectors

Case? 0 AXj=---=AXy AXs=---=AXy
A 0 9.0 9.0
B 6.3 9.0 7.0
C 47.0 0.9 —-0.9

4Case A, large AX, 6 = 0; case B, large AX, small 9; case C, small
AX, large 6.

- 20 . _a=001
g 1\ e ———%-=01
g 0 : i
8
2.-20
2

-40

60 a=1.0 (optimum)

1 2 3

Number of terms

Fig. 5a SA:r¢ (vertical displacement at joint 3).

15
= a=0.01
<10 +
§ a=0.1
=
55+
= a = 1.0 (optimum)
0 t } t i

Number of terms

Fig.5b CA: rg (vertical displacement at joint 3).

135
- —8— CA
£ 13
5
& 125 - - a —*—SA
2
8 12y t : t {

1 2 3 4 5
Number of terms

Fig. 6a Vertical displacement at joint 3 (r¢) ata =0.01.

- CA

Displacement

—— SA

Number of terms

Fig. 6b Vertical displacement at joint 3 (r¢) ata = 0.1.

400

-

£ 200

23

§ T— ’

B 200 e sA
1 2 3

Number of terms

.6¢ Vertical displacement at joint 3 (r¢) ata = 1.0 (optimum).
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Fig.7 Truss with 50 bars.
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Fig. 8 Truss with 204 bars.

Fig. 9 Segment of double-layer space truss.

meaningless results. Because the modified design is a scaled design
(X =10, 6 =0), the exact solution is achieved by the CA method.
Similar observations have been made in case B (a small § value)
where good results are achieved by the CA. In case C (a large 6
value), the CA still provide relatively good results.

Medium- and Large-Scale Structures

In this section, results achieved by the CA method for some struc-
tures with a larger number of degrees of freedom will be demon-
strated. In the examples presented, the errors are related to the ex-
act solution, which was calculated for purposes of comparison. In
general, the exact solution is not known a priori, but the errors in-
volved in the approximations can be evaluated by the expressions
of Egs. (35-37).

Consider first the 50-bar cantilever truss shown in Fig. 7a, sub-
jected to a single load at the end. By eliminating 10 diagonal mem-
bers to obtain the topology shown in Fig. 7b and by assuming only
two basis vectors (two-term approximations), a near exact solution
has been achieved. The angle 6 in this case is 26.3 deg. Near exact
solutions with only two basis vectors have been achieved also for
numerous other cases with random changes in cross sections for
small 6 values (6 <30 deg). By assuming random changes in cross
sections with no limitations on 6, the following maximum errors
have been achieved®?: maximum error of 1% with 5 basis vectors
and maximum error of 0.1% with 6 basis vectors.

Consider the 204-bar truss (shown in Fig. 8) subjected to three
concentratedloads. By assuming 100 cases of random changesin all
cross sections, the following maximum errors have been achieved®?:
maximum error of 1% with six or seven basis vectors and maximum
error of 0.1% with eight or nine basis vectors.

Consider the typical double layer segment shown in Fig. 9, con-
sisting of two horizontal layers connected by diagonals. Various
rectangular large-scale trusses, consisting of the typical segments,
supported along the four edges and subjected to uniformly dis-
tributed loads, have been solved. Assuming 100 cases of random
changes in all cross sections, the following maximum errors have
been achieved®?: For the 356-bar truss, there was maximum error
of 1% with 8 or 9 basis vectors and maximum error of 0.1% with 9
or 10 basis vectors. For the 968-bar truss, there was maximum error
of 1% with 10 or 11 basis vectors and maximum error of 0.1% with
11 or 12 basis vectors.

The results indicate that small errors have been achieved for vari-
ous structures with a relatively small number of basis vectors. More-
over, the number of vectors needed to achieve a certain accuracy
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Table 3 Results, two-term approximations, various direction vectors

Displacements
Case Method 1 2 3 4 5 6 7 8
A SA Meaningless results
CA 0.23 0.56 0.28 1.26 —0.31 1.31 —0.25 0.60
Exact 0.23 0.56 0.28 1.26 —0.31 1.31 —0.25 0.60
B SA Meaningless results
CA 0.23 0.64 0.28 1.39 —0.32 1.45 —0.25 0.69
Exact 0.23 0.64 0.28 1.39 —0.32 1.45 —0.25 0.69
C SA 0.21 6.31 0.22 12.02 —0.37 10.89 —0.27 4.95
CA 1.13 33.16 1.16 52.59 —1.98 57.17 —1.38 37.09
Exact 1.23 33.27 1.47 52.75 —1.69 57.29 —1.30 37.14
is only slightly increased with the numbers of members and degrees References

of freedom.

Concluding Remarks

The CA method, developed recently, is an efficient reanalysis
method, providing high-quality results for structural optimization.
In this approach, the computed terms of a series expansion are used
as basis vectorsin a reduced basis expression. By solving a reduced
system of equations, first-order and second-order approximations
were demonstrated in previous studies for small structures. The
methodis basedonresultsof a single exactanalysis, and it is suitable
for different types of structure and design variables. Calculation of
derivativesis not required, and the method can readily be used with
a general finite element program.

In this paper, the efficiency and the accuracy of the method are
improved, and results are demonstrated for various structures. By
utilizing a Gram-Schmidt orthogonalization procedure, a new set
of basis vectors is generated and normalized such that the reduced
system of equationsbecomes uncoupled.Itis shown that, for any as-
sumed number of basis vectors, the results obtained by considering
either the original set of basis vectors and the reduced set of equa-
tions, or the new set of uncoupled basis vectors, are identical. The
advantagein using the latter vectorsis that all expressionsfor evalu-
ating the displacementsare explicitfunctionsof the design variables.
Therefore, additional basis vectors can be considered without mod-
ifying the calculationsthat already were carried out. In addition, the
uncoupled system is more well conditioned.

The computationaleffortinvolvedin the CA is somewhat greater
compared with conventional series approximations, such as the
Taylor series or the binomial series, but the resultingexpressionsare
still explicit, and accurate approximations can be achievedin cases
where series approximations provide poor or meaningless results.

Some considerationsrelated to the efficiency of the solution pro-
cess and the accuracy of the results are discussed. The effect of the
number of terms in the series, the magnitude of changes in the de-
sign, and the direction of move in the design space on the accuracy
are studied.

Numerical results have been demonstrated for several medium-
and large-scale structures. It has been shown that accurate and ef-
ficient approximations are achieved for very large changes in the
design variables.

The CA method also might prove useful for more complex struc-
tural response. A detailed discussion on applications of the CA
method in a large variety of problems, including nonlinear and dy-
namic analysis, is given elsewhere."”
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